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Chapter 6: Discrete-Time Fourier
Transform (DTFT)

The Fourier Transform is a very important tool in many aspects
of engineering. In the case of digital signal processing, it allows
signals to be represented in terms of their constituent frequency
components, i.e. as signals in the ‘frequency domain’. In some
cases this means signal processing operations can be executed
on frequency domain rather than time domain signals, which can
have a number of advantages.

Before proceeding, it is worth noting that in signal processing
what is referred to as ‘the Fourier transform’ may in fact be one
of four possible types of Fourier transform, illustrated in Table
1. The difference between each type of transform is whether the
time domain signal is continuous (i.e. analog) or discrete (i.e.
digital), and whether its frequency domain representation is
continuous (i.e. a function of real numbers @ or @) or discrete
(i.e. a function of integers 7 or k)

Table 1. Types of Fourier transforms for signal processing

Frequency domain signal
Continuous Discrete X[k]
Continuous | Fourier transform Fourier series
Time x(t) X(w) X
domain Discrete Discrete time Fourier | Discrete Fourier
signal ¥[n] transform (DTFT) | Transform (DFT)
X() XTK]

Fourier Transform of an arbitrary discrete signal is also called
Discrete Time Fourier Transform (DTFT).

For discrete-time signals, the Fourier transform pair is defined
by
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X(0) = Zx[n]e_jne

n=-—0o0

1 % -
=— [ X(0)e%do
x[n] 27[_[[ (©)e

x[n] <22 X (6)
where @ is the digital frequency or relative frequency (-7 < 6 <
) and 8= wT. X(6) is periodic with period 27. (1e. X(0 +2x) =
X(6) ). Note that although x[n] is discrete, X(6) is a continuous
function of frequency € (hence the integral in the inverse
transform).

Note: The Fourier transform of an analogue signal is not
periodic.

Example: A unit impulse signal x[#n] is transformed into its
frequency domain counterpart using the DTFT as follows:

x[n] = dn]
X(0) = i5[n]e_j”9 =1
_ s__.-: i l_&?\{-}) 1 fs‘l
1
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Example:

{0 n<0
x[n]=+ ,

a" nx0,]alkl

0

X(0)= ia”e‘j”g = Z(ae‘jg)"

n=0

B 1

1—ae™?
X(0) = 1
(1-acosf)+ ja(sinB)
1
- X(0) =

J1-2acos6 + a>

A ([ asin@

/X (@)=¢(f)=—tan 1(—1 - acosé’j

‘x[n]

1 e |X (o)

continuous
variable

¥

p= | 1 P ——

Note: The above X(6) can be obtained using the z-transform as
well.

x[n]=a"uln]= X(2) = !

l—az
1

1—ae

1

X(O0)=X(2)|__,jo =
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6.1 Properties of the DTFT

DTFT
x[n] - X(6)

DTFT

x[n] - X,(0)
DTFT

x,[n] > X,(0)

DTFT
Linearity: ax, [n]+bx,[n] & aX,(0)+bX,(6)

DTFT
Time Shift: xn—k] & e /% x(0)

Proof: {x[n - k](i sz(z)}
z ¥ X (2)= e79%X( ) as we define X(¢%) = X(6)

Frequency Shift:

. DTFT |
x[n]eJ”90 <~ X(0-6,) where X(Q_QO)EX(eJ(e—eo))

DTFT
Frequency Differentiation: nx[n] < j d_QX (0)

Convolution: xi[n]*x,[n] < X,(0)X,(0)
Multiplication: x,[n]x,[n] <> X,(0)* X,(0)

Parseval’s Theorem:

© %k 1 T
2 xlnlegln] & | X,(0)%X,(0)do

n=-—00
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Exercise:
The frequency response of an ideal high pass filter, in the
fundamental interval -7 < 8 < 7 is given by

1 6.<0<x

H(O)=
0 0<0K8,

a) Find the impulse response of the ideal high pass filter
b) Sketch the impulse response for 4, :%

Example: The frequency response of an ideal low pass filter, in
the fundamental interval -7 <6 < r1is given by

1
HO)=17 09016
0 6.<0<x

(a) Find the impulse response of the ideal low pass filter.
(b) Sketch the impulse response for 6. = %.

(a)

A
|H(O)|

1 4
2
|—_

v

6c

1 7 o | R 1 /%" — /0%
Hn)=—— [H(0)e"'do =—— [ —e"’d6 =
27 < 2 _HCZ 4 jn
_ 1 sinfn
2r  n
. . nr
p 1 SIHT 1Sll’lT
by o= M=
4
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4 Nin

1/8

Sinc function

memw 0 \ Pl

Example: The frequency response of a band stop filter is given

by
1 o< ”
6
H,0)=10 %<|9|<%
1 2ok
3
Show that the impulse response /4/n/ of the band stop filter is
given by
.| T . T
Slll(3 I/lj Sll’l(6 n}
hy[n]=8ln]- +
mn mn
A
Hai(6)
1
- _* _T 4 — 7 ;
3 6 3 3
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feja”dﬁ + ”feﬁ”a’e + ][.eja”dﬁ

-

17 ‘ 1
h,[n]= - [H,(6)e"do = -+

6 3
1 e/ ‘% o/ % /|
2z || jn . jn | = jn =
6 3

1 Je —e™ o6 _—p +ej”" e
2r jn jn nj
) sin—n sin—n
_ S zn
m m m
sin zm
where =1 n=0 and zero elsewhere
m
. . T
SIn—n SIn—n
hyln]=o6[n]- +—5
mn mn

6.2 The Discrete Fourier Transform (DFT)

The importance of the discrete Fourier transform (DFT) for
practical applications is hard to overstate. If you’ve ever seen a
real time spectrum of just about anything, chances are it was
generated using a DFT. The only practical alternative to the DFT
is a bank of analog filters (e.g. as used in a graphic equalizer),
however with the availability of cheap processing power, and
the fast algorithms for DFT computation, spectrum analysis is a
viable component in many present-day systemes.

xn|«2"T 5 x(@)  DTFT

x|n]«22L > Xx[k]  DFT {DFT mapping x[n] to
another sequence}
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The DFT denoted by X[k] (complex valued sequence), is
obtained by sampling the Discrete Time Fourier Transform X(6)
at a finite number of frequency points

This sampling is conventionally performed at equally spaced
points over the period extending over -7 < < 7.

The DFT allows us to determine the frequency content of a
signal, that is, to perform spectral analysis.

The DFT plays a central role in the implementation of a variety
of digital signal processing algorithms, as a result of the
existence of the efficient algorithm for the Fast Fourier
Transform (FFT).

(1) Fourier transform of a discrete signal (DTFT) is

X(0) = ix[n]e‘j"g, —7<0<nx

n=—ao

2) X(0)=X(2)|_, 0
{Evaluate z-transform on the unit circle}

(3) Discrete Fourier Transform (DFT) or N-point DFT
=Sk

1.e. sampling X(6) ant:(;\f equally spaced interval, £ =0,1,2,... N-1.

Note: One of the most important properties of the DFT is
implied periodicity.

Number of time samples = N
Number of frequency samples (k) = N

The DFT corresponds to sampling the z-transform of X(z) at N-
points equally spaced in angle around the unit circle.
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ﬁ<> -
N points equally

spaced on the unit
circle

Note:

AL

x[n] x[n]

Discrete in time
—

.JTI ITL. .

DTFT
X169

N samples (time domain)

XO prer

Continuous in t'rcqucnc}"
—_
‘/K

7T T d

A
DIl

A\ 4

>

Discrete in frequency
T

QQTTT TTTQ:,_

T - — k :
N frequency points DFT (or using

FFT)

A\ 4

e When the DFT of a block of N samples is calculated, the
assumption 1s that the original signal actually repeats itself
periodically, with period N.

e Clearly, for all real signals this will not be true.

e Even for artificial signals such as a pure sinusoid this will
only be true if N is a multiple of the period of the sinusoid.

e This “windowing” process introduces a slight distortion into
the frequency representation of the signal being analysed.
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DFT calculation

N-1 —J”%

X[k]= ¥ x[n]le = N k=01,23,...N '
n=0 A6 N
N-1 N-1 1

X[k]= 3 x[n ]cos(—nk) > x[n]sm(—nk) Afzﬁs
n=0 n=0 N

X[k]= Alk] - Blk]

x[k] =+ 4[] 2 + B[k] 2 k=0,1,2,3,..N-1

fi=k(fs/N) = k Af (k=0, 1, 2, ...N-1)

XA N=256

n 1y
012 \ 255
fhk fass

T

The frequency resolution (A7) can be made as small as desired
by increasing the value of N (window size being analysed)

Example: Let /s = 8000 Hz number of sample N = 1000

_ 8000
Frequency resolution Aﬁ =000 = 52

Jo=0;f1=8Hz, f, =16 Hz, .... foo9 = 8000HZ
999 (2”")
[k] Zx[n] 1000
k= 0,1,2,3,
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Example: A speech signal is sampled at a rate of 20000
samples/sec. A sequence of length (N) 1024 samples is selected
and the 1024-point DFT is computed.

(1) What is the time duration of segment of speech?

Duration = no of samples x sampling period.
= 1024 (1/20000) = 51.2 ms

(2) What is the frequency resolution (spacing in Hz) between
the DFT values.

Resolution =

£, 20000
1024

=19.531Hz

Example: Consider the finite length sequence.
x[n] = d[n] + 0.2 n-2]

Find the N-point DFT of x[n] for N = 50

Solution: X(z)=1+0.2z2 = X(0)=1+0.2 3%

The N-point DFT is obtained by evaluating X(6) at N points
equally spaced around the unit circle.

g 2k
N

Therefore the DFT is given by:

X[k]=1+02e %P
—1+0.2¢ )

§

2

[\®}

k=0,1,2,....49
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Example: Find the DFT of the three-sample averager.

1
h[n]: 5 0<n<s?2

0 otherwise

A
h|n]
1 ® ]

— 1 o - >

2-101 2 3 4

N-1 - 'n(2—k) 2 — 'n(zik)
H[K]= S h[n)e "V = L

n=0 n=03

Fn (1+2cos(—))
Hlk]=e
3

‘H [k] = %‘[1+2cos(%)]‘ where k£ =0,1,2

Exercise: Compute the N-point DFT H[k] of the sequence A[n].
Show that when N = 8 the value of H(2) =-1.

h[n]:{l -3<n<3

0 otherwise
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Example: Find the DTFT and DFT of a truncated exponential
, a‘ <1

sequence x,(nT) = a"l . n=0l1.,...,

x[n]

1 -

2 5 ... N-1 n

|<7 NT 4#——;

_ g NT o= iN

This has DTFT x(e/?) = .
—ale™/?

G
s .;_.f" f},-": °
b4 / , e
/o \ W ;"f
o L4 b4
. // \\\ / \’\ \.‘

— o ee? | |2z 0
0 A= 1IN f. f
N Y T Wy - >
01 2 N/2 N-1 N k

1—a™"
and DFT X[k]= - Note also that the inverse DFT
— ‘]7
l-a'e ° ¥

xi[n] (below) is identical to x[n] for n =0, 1, ..., N-1, but outside
this region creates periodic repetitions of the truncated
x[n]=x,(nT).

x/[n]
® 1 ®
° )
. IT 4
L L ? e e o s P * o o o P 1 ®
-N o 1 2 3 4 5 ...N-1 N N+1N+2 n

Chapter 6 14



6.2.1 Conjugate Symmetry

The DFT of a real sequence possesses conjugate symmetry
about the origin with

X[-k]=X [k]
Since the DFT is periodic,

X[-k]= X[N - k]

This implies conjugate symmetry about the index & = 5

*

- X[—k]= XTk]= X[k - K]

N is odd (N=7)
Conjugate
m symmetry

N/2=3 )

N is even (N=8)

Conjugate
//\\' Symmetry

N_

N/2=4
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Example: The DFT of a real signal is

{1, Xy, -1, X3, 0, -j2, X3, -1+j}
Find Xl, X2 and X3.

TN

1 X -1 X2 O, -j2 X3 '1+j
—o—9—9o—9o 0 o 0o o> [
0 1 2 3 4 5 6 7
8/2=4 (mid-point symmetry)
X, =x[1]=-1-
X, =x"[5]=j2
X,=x[2]=-1
Note: 8 frequency points = 8 time samples (when IDFT is
applied)
Chapter 6
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6.2.2 Parseval’s Theorem

DFT is an energy-conserving transformation that allows to find
the signal energy from the signal or its spectrum. Therefore, the
sum of squares of the signal samples is related to the sum of
squares of the magnitude of the DFT samples.

Example:
The DFT of a real signal 1s {1, X1, -1, X2, -7, -j2, X;, -I;rj}.

What is the signal energy?
k=0 k=7

X1, X2 and X3 can be found first using conjugate symmetry
property

Signal Energy = %Z:|X[k]|2
=é[12 +(W2) P+ (1) +22+7* +2% +12 +(\/§)2}
=%[1+2+1+4+49+4+1+2]

=8

Exercise:

a) Determine the 4-point DFT of a signal x[n]=[1 -1 -1 1].

b) Find the energy of x[n] using the information in time
domain.

c¢) Find the energy of x[n] using its spectrum. Show that it is
same as answer in question (b).
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6.3 Inverse Discrete Fourier Transform (IDFT)

The inverse DFT equation comes directly from the Inverse
Fourier Transform equation

1 N-1 jnz—ﬁk
x[n]z—ZX(k)e N 0<n< N
NS

However, the signal which it produces will be a periodic signal
repeating every N samples

Example:

If XTk] = {4, -2, 0, 2}, find its IDFT
N=4

2 7kn

- x[n] :ii)([k]e] 4

n
]2

1 3

=—> X[kle
413

n=0 x[0]=—[4-;2+0+;2]=1

V4 3

n=1 x[1]=—[4—j2¢? +0+ j2¢ 2 ]=2

n=2 x[2]=—[4- j2¢’" +0+ j2e’"]=1

3z 9z

[4—j2¢ 2 +0+j2¢'21=0

n=3 x[3]=

The IDFT is x[n]={1, 2, 1, 0}
4

n=0
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Use of DFT
* Clearly, the DFT is useful in that it allows the spectral
content of a signal to be determined
« Additionally, once in the frequency domain the DFT of a
signal can be processed in order to “filter” or “alter” the
signal 1s some desired fashion
 The IDFT can then be used to regenerate the processed
signal
Note: If any window, other than rectangular, has been used then
DFT and IDFT blocks must overlap by 50%, if perfect
reconstruction is required

6.4 Padding with Zeros and Frequency Resolution

N-1 . 27k

DFT: X[k]=Yx[nle "V k=0,1,23,..N

=0

3

e The frequency resolution depends directly on the number of
time samples N, i.e. the longer the sequence x[n], the more
frequency points in the DFT domain (frequency domain).

e To obtain more points in the DFT sequence, we can always
increase the duration of x/n/ by adding additional zero-valued
elements. This procedure is called padding with zeros.

e These zero-valued elements contribute nothing to the sum in
the above equation, but act to decrease the frequency spacing

(27/N).

e The zero padding gives us a high-density spectrum and
provided a better displayed version for plotting. But it does
not give us a high resolution spectrum because no new
information is added to the signal. Only additional zeros are
added in the data.
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Example: The three sample averager can be transformed using
both the DTFT and the DFT. Because the DTFT is determined

for all n € [-00,00], it is unaffected by the window length V.

On the other hand, adding zeros to the three sample averager

gives a different view of the magnitude spectrum, depending on
the length V.

Lengths of N =3, 6 and 8 are shown below. Note that although
the frequencies at which the DFT is evaluated are different in
each case, the underlying spectrum (given by the DTFT) is
exactly the same.

Three Sample Averager

0.4 . h(n) N=3

1 15 2 25 3 0 1 2 3 4 5 6

Padding with zeros

L L
1 2 3 4 5

o @

_h(n) N=8

Padding with zeros

L4 L g Oo0—0—0
4 5 6 7 8

1 2 3
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Fast Fourier Transform

« The Fast Fourier Transform (FFT) is simply a
mathematical technique to accelerate the calculation of the

DFT. It was developed by Cooley and Tukey (1965)
requires N to be a power of 2.

» Typically, if the DFT is calculated for a block of 2n
samples e.g. 512 or 1024 samples (N) it would make the
calculation of the DFT quite demanding.

 The FFT simply uses repetition and redundancy in the
calculation to speed it up.

e The FFT is simply a TECHNIQUE to calculate the DFT,
NOT a different transform.

Chapter 6 21



Q)

Q2)

Q3)

Q4)

Q5)

Qo)

Q7)

CHAPTER 6: PROBLEM SHEET 6

A speech signal is sampled with a sampling period of 125ms. A frame of 256 samples is
selected and a 256 point DFT is computed. What is the spacing between the DFT values in
Hz. Ans: 0.03125Hz

Compute the N-point DFT, H/k] of the sequence 4/n]. Show that when N = 3 the value of
H(3)=3/5

1
h[n]z g hensl AnS'H[k]=l(2cos(ﬂ)+1)
0 otherwise ' 5 3

A 5 kHz sinusoidal signal is sampled at 40 kHz and 128 samples are collected and used to

compute the 128-point DFT of the signal. What is the time duration in seconds of the

collected samples? At what DFT indices do we expect to see any peaks in the spectrum?
Ans: 16 and 112

Consider the finite length sequence: x/n] = ofn] + 0.26[n-2]
Write the equation for the N-point DFT of x/n] for N =25

j2rmk

Ans: X[k] =1+ 0.2e 25

For the system in the figure below, sketch the output y/n/ when the input x/n/ is d/n] and
H(6) is an ideal lowpass filter as follows:

1 0goZ
H() = 2
0 Z40<n
2
—b
x[n] afn] y(n]
_ 70 He ‘ -1y 7,
sinﬂ sinE
AN =L 2 sy =Sl 2
2

Let x[n]={1, 2, 1, 0}. With N=4, compute the 4-point DFT.

n:TO AHS:X[k]:{47 -.]29 Ozjz}

Find the 8-point DFT of x[n] using conjugate symmetry property of X[k]. x[n]={1, 1, 0, O,
0,0,0,0}.

Ans: X[k]=1{2, 1.707-j0.707, 1-j, 0.293-j0.707, 0, 0.293+/0.707, 1+, 1.707+0.707}
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Q8)

| | | | ‘X(n)‘ | | | | 1 |Tl| S N
it » If x|n| =
=0 |n >N
Determine X(6).
.n{(2N+1)9}
1. o ans:X(H)z—‘ (ZJ
-5 4 3 2 -1 0 1 2 3 4 5 sinf —
N N 2

End of Chapter 6
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